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Consensus Tracking Under Directed Interaction Topologies:
Algorithms and Experiments

Wei Ren, Member, IEEE

—Consensus tracking problems with, respectively,
bounded control effort and directed switching ingeraction topolo-
gies are considered when a time-varying consensus reference state
is available to only a subgroup of a team and the team members
have only local interaction. A consensus tracking algorithm ex-
plicitly accounting for bounded control effort is proposed and
analyzed under a directed fixed interaction topology. Further-
more, convergence analysis for a consensus tracking algorithm
is provided when the time-varying consensus reference state is
available to a dynamically changing subgroup of the team under
directed switching inter-vehicle interaction topologies. Experi-
mental results of a formation control application are demonstrated
on a multi-robot platform to validate one of the proposed con-
sensus tracking algorithms.

Index Terms—Consensus, cooperative control, formation con-
trol, multi-vehicle systems.

|I. INTRODUCTION

OOPERATIVE control of multi-vehicle systems has
received significant attention in recent years due to
its numerous potential applications in space-based interfer-
ometers, combat, surveillance, and reconnaissance systems,
hazardous material handling, and distributed reconfigurable
sensor networks. Cooperative control often requires that indi-
vidual vehicles share a consistent view of the objectives and the
world. For example, a cooperative rendezvous task requires that
each vehicle know the rendezvous point. Consensus algorithms
guarantee that vehicles sharing information have a consistent
view of information that is critical to the coordination task. The
instantaneous value of that information is the information state.
To achieve consensus, a vehicle updates the value of its
information state based on the information states of its local
neighbors. The goal is to design a distributed update law so that
the information states of all of the vehicles in the network con-
verge to a common value (see [1], [2], and references therein).
Consensus-type techniques have been used to solve formation
control problems in [3]-[8] and flocking problems in [9], [10],
to name a few.
Current research in consensus algorithms primarily assumes
that the consensus equilibrium is a weighted average or a
weighted power mean of the initial information states and
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therefore constant. This assumption might not be appropriate
when each vehicle’s information state evolves over time, as
occurs in formation maneuvering problems. In addition, many
consensus algorithms ensure only that the information states
converge to a common value but does not allow specification
of a particular value. While this paradigm is useful for appli-
cations such as cooperative rendezvous where there is not a
single correct value, there are many applications where there is
a desired, or reference, information state. In this case, the con-
vergence issues include both convergence to a common value,
as well as convergence of the common state to its reference
value. Existing consensus-based formation control approaches
are often limited to formation stabilization problems, where the
vehicles are regulated to constant locations. To guarantee the
formation to track a time-varying trajectory, current ap-
proaches often rely on the assumption that all vehicles know
the time-varying group reference trajectory or velocity. Ex-
isting consensus-based flocking algorithms either lack a group
reference or require each vehicle to know the group reference.
It is hence interesting to study consensus tracking problems
when a time-varying reference is available to only a subgroup
of a team and the team members have only local interaction.

Consensus with a constant leader state under undirected
switching inter-vehicle interaction topologies is addressed in
the leader following case of [11]. Consensus with a constant
leader state is further considered in [12] and [13] in the context
of a directed fixed interaction topology. Dynamic consensus is
studied in [14], where an input signal is available to each agent
in the team. Estimation algorithms for dynamic average con-
sensus are studied in [15], where a proportional algorithm and
a proportional-integral algorithm are analyzed. A consensus
problem with a time-varying leader state is solved in [16] under
a variable undirected interaction topology, where it is assumed
that the leader’s acceleration input is available to each follower
in the team. In [17], consensus tracking algorithms are pro-
posed and analyzed under a directed fixed interaction topology,
where a time-varying consensus reference state is available to
only a subset of the team members, called the group leaders.
The consensus tracking algorithms are also applied in [8] to a
formation control problem under a directed fixed interaction
topology.

While [8] and [17] have addressed the consensus tracking
problem with a time-varying consensus reference state, the al-
gorithms in [8] and [17] do not explicitly account for bounded
control effort. Furthermore, the convergence analysis in [17] is
restricted to the case of a directed fixed interaction topology. In
practice, both the group leaders and the directed inter-vehicle
interaction topologies may be dynamically switching.

In this brief, we first propose a consensus tracking algorithm
to account for bounded control effort and provide convergence
analysis in the case of fixed group leaders and a directed fixed
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inter-vehicle interaction topology. We then provide conver-
gence analysis for a consensus tracking algorithm in the case of
dynamically changing group leaders and directed switching
inter-vehicle interaction topologies. Finally, we experimentally
implement and validate a consensus tracking algorithm for
a formation control problem on our multi-robot platform in the
case of dynamically changing group leaders and directed
switching inter-vehicle interaction topologies. These results
extend the consensus tracking results in [8] and [17]. All of the
results in this brief are based on directed interaction topologies.
It is worthwhile to mention that an undirected interaction
topology is a special case of a directed interaction topology. A
preliminary version of this brief was presented at the 2008
American Control Conference [27].

Il. GRAPH THEORY NOTIONS
A weighted graph consists of a node set V = {1,...,p},

an edge set £ C V x V, and a weighted adjacency matrix
A, = [ai;] € R, Anedge (7, 7) in a weighted directed graph
denotes that vehicle ; can obtain information from vehicle ;
but not necessarily vice versa. In contrast, the pairs of nodes
in a weighted undirected graph are unordered, where an edge
{#, 4) denotes that vehicles 4 and j can obtain information from
one another. The weighted adjacency matrix A, of a weighted
directed graph is defined such that «;; is a positive weight if
{(j,4) € & while a;; = 01if (4,4) ¢ £. The weighted adja-
cency matrix A4, of a weighted undirected graph is defined anal-
ogously except that a;; = a,;, Vi & 7, since (4,4) € £ implies
{#,4) € £.If the weights are not relevant, then «,; is set equal
tolforall (7,4) € £. Inthis brief, self edges are not allowed,
ie, a; = 0.

For an edge (4, 7) in a directed graph, + is the parent node and
4 is the child node. A directed path is a sequence of edges in a
directed graph of the form (i1, 42), (i2,43), ..., where i; € V.A
directed tree is a directed graph, where every node has exactly
one parent except for one node, called the root, which has no
parent, and the root has a directed path to every other node. A
directed spanning tree of a directed graph is a directed tree that
contains all nodes of the directed graph. A directed graph has
or contains a directed spanning tree if there exists a directed
spanning tree as a subset of the directed graph. That is, there
exists at least one node having a directed path to all of the other
nodes.

Let the (nonsymmetric) Laplacian matrix L, = [£;,;] € RF*¥
be defined as [18] £;; = 37, ;. @i and £;; = —ayy, i # J.
The matrix 1., satisfies the conditions

i=1,...,p. (1)

For an undirected graph, £, is symmetric positive semi-definite.
However, L, for a directed graph is not necessarily symmetric.
In both the undirected and directed cases, 0 is an eigenvalue
of L, with the associated eigenvector 1, where 1, isa p x 1
column vector of all ones.

Givenamatrix & = [s;;] € R?*?, the directed graph of
S, denoted by I'(.S), is the directed graph on p nodes 4, ¢ €
{1,2,...,p}, such that there is an edge in 1*(.5) from node ; to
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node #if and only if s;; # 0 (cf. [19]). Again, we assume that
there is no self edge (1, ).

I1l. CONSENSUS TRACKING ALGORITHMS

Suppose that there are # vehicles in a team and the infor-
mation states of all vehicles satisfy single-integrator kinematics
given by

& = ug,

where §; € R™ is the information state of the th vehicle and
u; € R™ is the control input.

The objective of this brief is to design distributed control laws
for w;,+ = 1,...,n,such that the information states of all vehi-
cles converge to a time-varying consensus reference state with,
respectively, bounded control effort and directed switching in-
teraction topologies when the time-varying consensus reference
state is available to only a subgroup of the team and the team
members have only local interaction.

Suppose that the consensus reference state, denoted by &7,
satisfies

i=1,....n )

£ = f(t.€") ©)

where f{.,.) is piecewise continuous in# and locally Lipschitz
in £,

~ We introduce a virtual vehicle with the states £" and
&, named vehicle » 4+ 1 without loss of generality. Let
Anpr = lag] € ROTNx(+1) pe the weighted adjacency
matrix for the » + 1 vehicles, denoting information flow among
vehicles and whether a vehicle has access to the consensus

reference state. In particular, a;; > 0,4, = 1....,n, if vehicle
i receives information from vehicle 4 a;¢, 1y > 0if ™ and "
are available to vehicle 4 and a(,11); = 0,5 =1,...,n4+ 1.

Note that a;; = 0, Vi.

Before moving on, we need the following lemma.

Lemma 3.1: [20] Suppose that L, € RP*F satisfies the prop-
erty (1). Then the following conditions are equivalent: 1) L, has
a simple zero eigenvalue with an associated eigenvector 1,, and
all of the other eigenvalues have positive real parts; 2) the di-
rected graph of L, has a directed spanning tree; 3) the rank of
Lyisp - 1.

A. Bounded Control Inputs

We first consider consensus tracking with bounded control
inputs. We propose a consensus tracking algorithm that guaran-
tees that the maximum control effort is independent of the initial
information states &;(0) as

1 s -~ e
u; = ?7_ Z (ijfj + a.:'(n.-O—])‘E
=1

2

l [t ,

_ I’_’fy tanh ; a5 (& — &) + @iy (& — &) 4
where i = 1,....n, a5, = L.....om, j = 1,....n+ 1,
is the (i, 7)th entry of the weighted adjacency matrix A1,
n 2 37" aij, & is the estimate of £;, 4 is a constant pos-
itive scalar, and tanh(-) is defined componentwise. Note that
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inter-vehicle interaction topology. We then provide conver-
gence analysis for a consensus tracking algorithm in the case
of dynamically changing group leaders and directed switching
inter-vehicle interaction topologies. Finally, we experimentally
implement and validate a consensus tracking algorithm for
a formation control problem on our multi-robot platform in
the case of dynamically changing group leaders and directed
switching inter-vehicle interaction topologies. These results
extend the consensus tracking results in [8] and [17]. All of the
results in this brief are based on directed interaction topologies.
It is worthwhile to mention that an undirected interaction
topology is a special case of a directed interaction topology.
A preliminary version of this brief was presented at the 2008
American Control Conference [27].

II. GRAPH THEORY NOTIONS

A weighted graph consists of a node set V = {1,...,p},
an edge set £ C V x V, and a weighted adjacency matrix
A, = [a;j] € RP*P. Anedge (7, j) in a weighted directed graph
denotes that vehicle j can obtain information from vehicle i,
but not necessarily vice versa. In contrast, the pairs of nodes
in a weighted undirected graph are unordered, where an edge
(4,7) denotes that vehicles ¢ and j can obtain information from
one another. The weighted adjacency matrix A, of a weighted
directed graph is defined such that a;; is a positive weight if
(j,7) € &, while a;; = 01if (j,7) ¢ £. The weighted adja-
cency matrix A, of a weighted undirected graph is defined anal-
ogously except that a;; = aj;, Vi # j, since (j,1) € £ implies
(4,7) € £.1If the weights are not relevant, then a;; is set equal
to 1 for all (4,7) € £. In this brief, self edges are not allowed,
i.e., Qi = 0.

For an edge (7, j) in a directed graph, 7 is the parent node and
7 is the child node. A directed path is a sequence of edges in a
directed graph of the form (i1, é2), (42, %3), ..., where i; € V. A
directed tree is a directed graph, where every node has exactly
one parent except for one node, called the root, which has no
parent, and the root has a directed path to every other node. A
directed spanning tree of a directed graph is a directed tree that
contains all nodes of the directed graph. A directed graph has
or contains a directed spanning tree if there exists a directed
spanning tree as a subset of the directed graph. That is, there
exists at least one node having a directed path to all of the other
nodes.

Let the (nonsymmetric) Laplacian matrix L, = [¢;;] € RP*?
be defined as [18] gii = Z?:l,j;ﬁi g5 and gij = —G4y, 7 75 J
The matrix L, satisfies the conditions

p
j=1

For an undirected graph, L, is symmetric positive semi-definite.
However, L, for a directed graph is not necessarily symmetric.
In both the undirected and directed cases, 0 is an eigenvalue
of L, with the associated eigenvector 1,, where 1, isap X 1
column vector of all ones.

Given a matrix S = [s;;] € RP*P, the directed graph of
S, denoted by I'(S), is the directed graph on p nodes i, i €
{1,2,...,p}, such that there is an edge in I'(S) from node j to

231

node 4 if and only if s;; # 0 (cf. [19]). Again, we assume that
there is no self edge (4,1).

III. CONSENSUS TRACKING ALGORITHMS
Suppose that there are n vehicles in a team and the infor-
mation states of all vehicles satisfy single-integrator kinematics
given by

&=w;, i=1,...,n )

where & € R™ is the information state of the ith vehicle and
u; € R™ is the control input.

The objective of this brief is to design distributed control laws
for u;,2 = 1,...,n, such that the information states of all vehi-
cles converge to a time-varying consensus reference state with,
respectively, bounded control effort and directed switching in-
teraction topologies when the time-varying consensus reference
state is available to only a subgroup of the team and the team
members have only local interaction.

Suppose that the consensus reference state, denoted by £”,
satisfies

£ = f(t.¢") A3)

where f(,-) is piecewise continuous in ¢ and locally Lipschitz
in &7,

~ We introduce a virtual vehicle with the states ¢" and
&", named vehicle n + 1 without loss of generality. Let
Apy1 = [aij] € ROHDx(+1) be the weighted adjacency
matrix for the n + 1 vehicles, denoting information flow among
vehicles and whether a vehicle has access to the consensus

reference state. In particular, a;; > 0,4,j = 1,...,n, if vehicle
i receives information from vehicle j, a;(,41) > 0if " and £"
are available to vehicle 4, and a(,,41); = 0,7 = 1,...,n + L.

Note that a;; = 0, Vi.

Before moving on, we need the following lemma.

Lemma 3.1: [20] Suppose that L,, € RP*P satisfies the prop-
erty (1). Then the following conditions are equivalent: 1) L,, has
a simple zero eigenvalue with an associated eigenvector 1, and
all of the other eigenvalues have positive real parts; 2) the di-
rected graph of L, has a directed spanning tree; 3) the rank of
L,isp—1.

A. Bounded Control Inputs

We first consider consensus tracking with bounded control
inputs. We propose a consensus tracking algorithm that guaran-
tees that the maximum control effort is independent of the initial
information states &;(0) as

n

1 - .
U = — Zaijfj + i€
7 =1
1 - ,
0 tanh | Y ai;(& — &) + ainsny (&G — )| @
k3 =1
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