fi# =

XA BRI OR ST ERT X M BEEV RS, FH P R E L
FEAVERR PR R AN RE, o= FER, ERIMAAS S EHIXT
MY KET/E, 83T FEHRRE1~64),

XA T HREFI 83, J.R.Bunchfl D.J. RosefE 19744 B 5538 T AR ¥ 5
MR kBN REM FEA, MG, L.B.Rall, Brikdk, BHMIE X T dhitge
37 £ T BanachZj8) FMRHE T, L) BN (11, {12} & AT G
B - RIGR. AXMB=ERHNHARLEMIPEE, SREHL-ZHEERN) X
Bott-Duffinjl 4f B & 4 B B9 B Drazinidf (f) 37 8 R UL X B 25T i ik
e

ETHRAELR, YESEAEHETNH, AXKBNUZEH LE P-RIT
FEHREEAAESE MU RERE, 3 B P-BR 3R E W RBI5 T 48 BE 4 53k 5h 1
i .

FMH ARG EFEXNNIPRBELM T EREZ -, EEBEHEMUI T
RPREFEEEEN, AT ZEMR(NE, 32~472%). XU HEHiHE Drazing
R B NMER, WY Drazingl 48X PR MR E A4 U R4 RERT B
O R .

FENFEREERILE, SRE, ¥RETFEEI EMNT. 20BN EEHL
W RGHAFENERE. XERAFHAEEE, - SHiePEIE TS
JR

Xia. A Pss, () Drazini, (7 X) Bott-Duffinilfi, P-BR¥f, #4445, &%
HEF5M, BEEEEY, EAEK



ABSTRACT

The representation and calculation of generalized inverse matrices 1s an important
topic in the theory of generalized inverse. Since its high value in the held of both
theotical research and practical use, many scholars have done much research on it. (Refs:
[1~6]etc.)

In the vear of 1974, J.R.Bunch and D.J.Rose found a new way called algebraic
perturbation method for solving nonsingular linear equations. After then, L.B.Rall, Y.L.
Chen and J. Ji have also done a large amount of work on it with results in properties of
linear operator on Banach space, {1}-inverse, {1,2}-inverse and Ar_(f«": )S-inv&rse of matrices.
The third charpt of this paper is going to discuss the properties and representations on
algebraic perturbation of generalized Bott-Duffin inverse and weighted Drazin inverse.

In term of the important practical applications of division ring to engineering and
physics, in the forth charpt, we give some new results in P-division ring on algebraic
perturbation theory.

Condition number is one of the most important indecies which are used to measure
sensitation of matrix against perturbation. In the fivth charpt, we obtain some properties
of matrix when its condition number on Drazin inverse is minimal.

And finaly, we will find some properties of nonnegative matrices which having same

nonnegative group inverse and M-P inverse.

KEY WORD: algebra perturbation, (weighted)Drazin inverse, (generalized)Bott-
Duffin inverse, I*-division ring, condition number, valued field & zero space, matrix

norm, nonnegative matrix
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1 3l

Itk

A LA SRR, ANER T TR KA

Az =b z€X, beY (1.1)

BT, B¥MTF AW, NOLDEE - Be=A""0. HEELFNAP, AFER
AT . IS(LL)RE RS, —REBLH, “RIESRE, BFAHE .
g, FETHEMN AR BEEMN U EEREME B, SR IR KR
HTANKEARE. AMMISBZETRIEAHE, BEFIRXITER0H T X,
B8 XAl TRIELE T EBIMERFER. TR, ) LEFERZENZE,

;XA S B B Fredholm F- 19034548 11, A& I T B8 -F 17 i, 19204F
, E.H. Moorepf R T HEET XU HIEE.

EXLD fAe O, M AR SOBSERE X € CYVTERENT RS

AX = PR(A)# XA = PR(X}

# BB X304 AL,
19334, B (Yu. Ya Tseng)id 58 X # 1 3 Hilbert%2 @], 83| | Hilbert*F|q]
SME T Teengf” X3, HAERETHEGE - FI LTHFAHEDTEXER.
EX1.2[8] & Hy, HRHEA HilbertZ [, A € L(Hy, H), D(AYR ARYE K,
WREHR T A7 € L(H,, H )it A

R(A) C D(A%),  R(A?) C D(A)

A% Az = flg{m:l}, Vzre D(A)
Adty = Proy, Wy e D(AY)

W B A9 € L(Hy, Hy )k ARG 3T, wtEgi.

R, EZ BB ED, ;X HFRFEIEANNEYR. G3 50ERF 1, Bh
F)OMW AR &M T RAT R PAER D8 B, AATIRET SO ) 6 B A R
BRI . 195547, R. Penrosedf V-7 iE 3 & TEMME MOEX AT X, 5F
HEH T 5 Mooref s )7 SO IS4



EN1.3 (Penrose) i A e O™, W A) L5 AT € O T A 7 Rt
AATA=4 (1) AlAAt =41 (9

(AANYT = AAD (3) (ATAY = AtA  (4)

Penroseff)i% A & S 3 Mooreff sz X E BUORE 5 /E, AR BN M-P) X
¥ . Penroseff1iX-— 581 h I B HBISC R R B IFBE T 1 SRS (A

BE 5, M.Z.Nashed W M-P/~ ¥ ¥ §K 2 HE I B Hilbert %2 {8 §1 Banach%% [8] ,

F31.4 (Nashed) # X,YR#/ BanachZX i, ABRMN X3 YOBRHERE T, B
A€ B(X,Y), MAEHAELNBRBETFPL: X > NARQ: Y — R(A), N
tEmE- T SGE AT e LY, X)W R

AAtA=A AtAAt = Al AAt=Q,  AlA=I-P

o, A'e BY,X)% BN RAH.

HI-HER, T XEEROREINHERTREMAKR, cE8{Esh, R
th, AL, BB SHFEVHHFIEREERRAERN. £V ENT
TR, KF, REEHEERENE, AEERNE, M, R, SRAXHE
LG8, EAK, AR, AR HE, BEHReMRERNNERERETD, | B
HBERATRDLOEMA LR,

EFRNEARNPIRARAIR, ANE M-PORERM EXAAE D &SR
PSR, A M-Pi¥, Drazini¥, ¥ Drazingf, B, Bott-Duffiniff f1) " X Bott-
Duffinidi . - #HOR, N TEEAENERE A, FRLMERA XY ET
A RIS R THIB S0 SE{2)-38, 0 AL, S0EMR, Fr=iF, BRNEAR
Banach%® (8] & 8 F ) Drazinii 4 T KB A([9,10]). AN I A £ %258 (Nashed,
J.G.Sun, J.Ding, Brsk ¥k, £, KRR, U, T, FEL HRRKF)H
BT &8 T M-Pii, Drazinifi MBI 3088, & 5l & i
Z({11~18]5§),

EWLS % XEBanach®¥ A, A € L(X), W X Alf) Drazinili, W14k H
MR REL, Y

AXA = A* (1%)

 (n]



XAX =X (2
AX = XA (5)

PR LR =B PDBE LR D ANTREE, W Ind(A) =k, FFHEE IndA) = 1,
R X APBT, WA Ag.

Bott-Duffini¥i v e ] TR R R &I KR4, I RARTEE L.

i Ae O™ be C*, LiE C*'AT 236,

Az+y=4 zel, yeL* (1.2)

TWI6 #Ae CY", LB C'MFER, & (AP + PO 3R, MH AEE}” =
PL(APy + P, )1 AXT Ly Bott-Duffinif .

ALALUT. EF-FD, BRAKABEXHFHROAXMIA. EEXHBEZE
b B AR WA L- R FER (7 X) Bott-Duffing®i A1 B 89 (0 #X) Drazinifi. B 4%
BIRAM T ESHENRS TERIFER. SAXH GO RAMIAT N P-BRIF
RIS . 3T F 518 B B Drazindk 44 0K B8 D ) 78 B 4 4,
DL RS2 MAN e R, BT R0 R A AR EHE 6 IM-P a3k 518
&, BBMBIERERN—EHERS R R AR



2 AE % HR

KW HRBIEN AL THAAESIR, by i m 4 R/ i
£ B P ARBIOER, RAIHMRZIE.
B4 M-P)T g R X) Bott-Duffinif 45 JL A H 115 S BIYE IR,
513821 (1] 4ERE AffY) Moore-Penroseili AR H T 5| # K .
(1) (Afﬁ = A;
(2) (A = (ANH;
(3) Al = (AHAYA¥ = AF(AAM),
¥R, ¥ ARFIEBEE, W A= (A7 A)7IAT, ATA=1,;
B ARTRHBERE, WA = AH(AAM), AAY = I
(4) R(AA!) = R(4), R(A'A) = R(A') = R(A¥),
(5) N(AA') = N(A") = N(A#), N(ATA) = N(A);
(6) AA! = Priay, ATA = Pyany;
(7} rank(A") = rank(A) = rank(AA!) = rank(ATA).
el XWMNMZ—, XTREFE Ar = bR H LT 4 R(7E Euclidedi 3
T):
3118221 #®Ae C™", be O™, dHERM AYY € A{1,3}, 4 &= A0, W

|AZ - b|| = min ||Ax — b]]

reCn?
B2z, %X e CmiRI4ERM be O™, #H ||A(XD) ~ bl = min || Az — bl| &,
m X € A{L,3}.
31E23[1] A€ C™", be O™, TRIE Az = bUMRE, HERM AY ¢
A{1,4}, & i =A%V, W

] = mip o)

RZ, #X e CHEXMERN be O™ BE [|(XO)| = mipllzf B3, WX €
A{1,4},

3124 (1] #Ae O™, be O, WADE#E Az = B /N IEH B xR
B, RZ, HXe CY"HRBEMTEN be O, XbFRTTIE Ax = itk /M B b
TR, W)X = AT,




FElEh, BIICLH AN B 75 FH Bott-Duffinjfi, LLF 2% T Bott-Duffinjlf
R )7 X Bott-Duffiniffi i — %5 B A 14 Ji
TGRSR, 2 R (L2)MMEAEWSM T u T B E (L)

(A.PL“{"PL_L)Z:E) (.:3].)

ﬂ(x)ﬁwﬂmﬁﬁﬂﬁ%
y
r=PFPz, y=PFPuz=b— APz

Hop 2 (2. HI

X B4R A P48 L, 3 Bott-Duffinili  HF LR B T (AP + P )M &
BE. BRAKBRZE[LO]h SE X T MERE (1) X Bott-Duffinidt: A[Y) = PL(AP. + PLu)t B4,
AD BRAFZM, © R Bott-Duffiniff i BARBI .

HREEEERNEZEA}IERELE) TP RFENAERN XK. BHH
AE T X 3. Moore-Penrosedlf, Mif Moore-Penroseilfi, Bott-Duffini¥t, (/7 X) Bott-
Duffini¥f, Drazini)i, BFMRRFREAENBLEEM{21Y. B3x b, MUK
E©LW, RERRENER TS0 SHEL B4, MERIMIMNET
i X, {8/ R(X)=T, N(X)=S,

251 WwAe ™, FERTCC, SCC™ dmT=s8<r, dimS=
m—s, W AFHE R(X)=T, N(X)=5SM{2} X HMNH

AT S =C"

B XM, 4 X = AT%.

AL EBEHHRESERRANR. RELABRNTE, BLEEP = PO
HAHRBER, CHEROS SCEETHE. £ -RNEX L, BEERTUAE
REAERENET . LT RESHH LHFEEMNITH-  EAR.

31326 [1] MEEMNBLER E e C~, #% R(E)5 N(E)YREWHFZH, H
R

E = Pgr(g).nE)

RZ., HL, MREFTZR, MGEEME NESHEE Py, 8 R(PLy) = L,
N(PL:M):J’WO



513271 ®Ae O™, L, MEREF5E0E, W
()P A =AY A3 R(A) C L,

(2)APp Ly = A H I M C N(A),

A, AP RT EREETE, EX M.
EXN21 HAe O™, MEEBHmMEWEY- ., K

Az||,
|All =  sup
izf.<1; z0 1Tl

Frih BN R E TR,
BT SR MATSE,. MXEREN Ac O™ e C"RAL ||Az|. < [[All ]l

THE=ZREHNHABRBEABRSFHPEREH:
%A= (ay;) € C™", 2= (21, -2,)7 € C"

in

lzfh =D =1, 1AL = max ) la]

1<isn

J=1 i=1
n
|zl = max z;l, Al = @grg jai;]

lzllz = (Zn: 7,92, | Alle = max{VX : M AT AR B KB HEE]) = p(A7 A)/
J=1

R | - (|24 %8 B B9 VO 3
AUHE TR ENERE. UTFTREBREMNE N
EX22 (DBEN (K, +, ), KRFMEE, FHNER, XTREK,  )hF¥H,
HonEMEEH L ER®, WK KA.
(D KH -3, FEKEBEXTRERTRAIL, ERIGEBFTL T,
YRR KA bR
5. B -2AFFHT.



3 I~ Y Bott-Duffinj¥i & in#lDrazinif g9 {€ 3L 30

3.1 " AKX

BN BN T % 2 89 W 5(20], H ) R.Bunchl D.J. Rosed il T S B3R5
ERKBAETRERTEH. TR, RIS B HAE R
AA Az BB R AT AA]l < 1), MEMEELMLARE. --&H, & X,
YEBEA G SE, B REMANBT MM e LX,Y)aTRRN

&A=ZH, >< 1t
1=1
B, uy; €Y,v; € X*(B) XX EEM), u><vlinm -PRA--NNEHRT:
(u><v)z=u<wvr>=<v,z>ucyY, VzelX

W R(AA) = span{uy, - ,Un}e
RIS T, AR R

Ax

i
s

AR TR SRR

Bw =z

Hdf B=A+AA z=y+ Ay, w=1+ Az,

19794¢, L.B.RallfE[21]9 {438 T Banach R F M H THREMRBE, £ X
bR T A, BEIFETRURE BENR. AARPBAMAERTHROARENBER.
TR MEURITERNE, RINEZERANHMEEINER.

g Banach%* [} X, Y, HYRRARM, HE ITEEWILHZE v, -, up € YU
Kovl,e v € X7,

EHE3.1.1[21] # A€ L(X,Y)H Fredholmif 53212, B u'd = Av = 05 AU
u* € span{u},---,ui} CY* v* € span{vy,--- . v3} C X*, W)

B=A——iuj ><wvp, J=12---,d
j=1

g, H
AB 1A= A
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i) BHE A AL

# A, h+F4, L Kramarz, Br/k#K., F3H AH B SREMIH B S
PO EY, AE T EEMRR, AK22 b mARd s [ mA{l), A{L, 2hf,
23] f9 AT%; (240 9A{L, 3}, A{1, 4}, BXRL-FHEY " X Bott-Duffini)i 4

3.2 L-FHERABKIN—BEARRETRR

£ &y Bott-Duffinid (141", |~ X Bott-Duffinift fo] £ 2 & & B F i o E A 321K
Wl . B EHEMIPBOT AT, BFRER. NEE., BB, 26|RAHHT
I X Bott-Duffinii (1t B, o, ttEAIRI 2 EAE R, FARKKREL]H
EXMLAERERNRET, BRRERRESAELNFRINT L-FHENEES, FiE—»8
T L-F5 G X Bott-Duffinifi g TR LI T8 8. AT, RO
L- B4 1) X Bott-Duffiniff £/ 2R P T RH I IR .

EN 321019 ®AT=Ae ™, LE C*EMTEN, & AWML 44:

Az > 0, VzeL,
FafAr = 0, ze LW Az =0,

WFR Ay L-3E 4B REGE X L-p.s.d.).

EX322(27 #®AeC™, LiECTHTER, HikE ALN L = {0}, MR
A L-F5pFE (i L-zero),

#$H 321 A CV"RLAENERE, MARXMBKM L-FHE.

MERR Vie ALNLL, Bite AL, te L', A e L, 8t = Az,
MW z*t = Az = 0. XN AR L-psdiEls, Bl X321, BBt = Az = 0,
FrEl AL N LE = {0},

HEZ, IR L-FHEDS - E £ L-3E fsEEE((24]).

317 321[7] ®Ae ™™, Be O™, cecim, A

N(C) = R(AM), R(B) = N(A"),
AAM=A+BC, MMIEZNR, 8
At = M~ - BT,

&



SI 32227 & Ae OV, LEC™EH-T 20, WLELT sy BEM

(1) AR L-B 4506

(2) ARIS™ X Bott-Duffinitt A = PL(AP, + Pp,)' = (PLAP),

(3) N(PLAP,) = N(AP.),

5112 323 [24] #Ae CV "R L-FHEE, WX = Prgunvuyy, @M=
PLAP, + X, WL F apRRE -

(WMIAEH R, A M e PLAP{1, 3, 4};

(2) M~1PLAP M~ = (PLAP),

(3) A = M - X,

451 M3.2.1, 322, PAEH L-FHREREEIN- BB

E321 wAe CV" LEC'ENTENE, ARL-THEE, W WEKR B,
CH, #i

N(C) = R(PLA"FL), R(B)= N(P A" P,),

4 M =P AP, + BC, MIMAG R, B
A =M - B, (3.1)

#F322 HAc CVR LMK, XWBIM23MR, & M=P AP +X,
WMy ®, H
AD =M - X, (3.2)

i RR 454 5 #3.2.38 4 5i3.2.1, BIAE.

H5@1)RML, CAXRMEREIRNELAVEEETSIRFEHH BIMCY). &
R MIEE S LpsdiREREYE ) B LzerofE B, RE W RAFRLUS2)IH R
SR TE R ? MSIES.2.3F tH B E3.2. 205 530 0 MR L-zerolBFE . AR BN
£ 1) L-zerokf [ 2 15 A8 Bl ML WE

A E3.2.1, 3.2.2, BRI Lps.dif Bz PrUl R G R PRI, 9o
HERRAEFIURBER B, C. AEHBI@E32144, mBERKNME (B-C)iti:
WY, NiF BC =C'BY, mikfi4h T HKshE AN,

A B RSP T A32.2% MY L-zero A E AV

HME322 wAe OV, M AR RA-FEE.




SERR BUR(A) N R(A): = {0}, X AR(A) = R(A?) C R(A),
Bl AR(A)Y N R(A)*: = {0}, B} AR R(A)-zerofb FE.
(0 1 0)
1321 ®A=|0 0 1|, L=R(A).
\0 0 0)
it R3.2.20T 401, AR R(A)-zerofE fF . RFIWERE B, C¥, R

N(C) = R(A¥), R(B)= N(4"),

ESE.
(0 1 o)
P AP, = AATAAAT = A%A'=1 0 0 0

\000)

B L), Ind(PLAP) = Ind(PLAYPL) = 2, Wil N(PLA¥PL) N R(PLARPL) # {0}, EP
R(BYNN{(C) # (0}, ATi, PEEIER B, CEBFEAB32IME&M, YR (B-

CYRFEERE. FrLl, st ARRERARBUGEAI22MER.

3.3 L-FEEKUKMBIFTHRER

AHE b FRERARIEA REAMUT IR, AERE, &0
B A RERSBLUCHMNBIRIEAFERNERLS, U AHEARMERIL

THEFF

EM331 @A e C"RLENME, LRC"EMF=FE, 45 = L-a (LN

N(A)), RILATF Bd S
(1) M = PLAP, + Ps o REBRM, H A =M~ - Pygu;
(2) R{PLAP.) = R{P A"},
M (1) = (2)(D)F% A4

Psgi =M — PL APy = M™' — AD,

i LA (M = PLAP)(M™ — A)) = P o
f - MAYD ~ P AP M + PLAPLAR, = Psg.

X b M =P APy + Psg.s M™'= A\ + Psg..

10



LA (3.3)a\ Al 17
Pgsi =1 — Pyg: A, ~ PLAPLAY), — PLAP, Pss. (3.4)

B S=L'®(LnN(A) = NAP) = N{PLAPL).

7 1A R(AD) = R(PLAYP) = N(PLAP)* = S*,
4 5 Pssi Ay =0 ; PLAP.Pgs =0.
RAGB4)A AT H

ps,si = PR(PLAPL}'L.R(PLAPL]
M i S = R(PLAP,), B N(P,AP,) = R(P,AP.)"
Fi LA R(PLAP) = N(PLAP.Y* = N(AP,)* = R(PLA"),

(2) = (1): BA AR L-FHERE, Pril N(PLAPL) = N(AFPL),
Tl R(PLA”) = R(PLAP), BrBL

N(P AT Pt = R(PLAPL) = R(PLAY) = R(PLAYP,),
A% R(B)* = N(C), 87 R(B) & N(C) = C", FiL\iWC = B'. X1l
R(B) = N(P,A" P)) = N(CYr = N(PLAPL) = L* & (LN N(A) =

J1LL BC = BB' = Prigyniey = Pes i RIERXRE
Hidy ®3.2.10] 40, M = PLAP, + BC = PLAPL + Ps . ko R. B

+BB' =AY 4 Psgi,

1.
M~ = A + (BYIBY = A "

(L)

Wit 331 WA OV L-B4ER, BER Hermitian, LEC™ L7508, S,
M B33 1R PR, MMERR, BHA) =M1 - Py,
iEM B AR Hermitianfi B, B R(A) = R(AH); N(4) = N(A%). BiEd

N(PLAP) = N(AP) = L* @ (LN N(A) = L* @ (LN N(A")) = N(A" Py).
M R(PLATPY = R(PLAY, XNH N(A) = N(ATY, BRUL dimAL = dim A7 L,
rankP AP, = rank AP, = rank A" P = rankPLA .

i1



il R(PLAPy) = R(PLA) = R(PLAP P) = R(PLAY)
T R IE3.3.1E0 48, JEEE.

£ 331 3318 T 932304518

F3.3.2 A[19]914n, ¥ AR L-ps.diifyin,

N(PLAPL) = N(APL), (3.5)
R(PLAP;) = R(PLA). (3.6)

Wl 23 Aft L-zerofE BE W, (3.5):NmiSL, HE.6)KA ~EMV . £ AR L-zerofE BRI %
T, (3.6)INBSIRFER F 4 rankAP, = rankPLA,

i£333 BR, th R(A) = R(A%)aT 18 R(PLAPL) = R(PLA"P,). R, BIF¥E
Aft LezeroSE i 44 T, R(PLAPL) = R(PLAY PG, A —EREBH R(A) =
R(A™),

LUF 873 80 7 3332, 333,

4 3.3.1 A:(D 1), L = R(A).
0 0

WHEB: PLAP, = A2A'=0; PLA= A, ¥k R(PLAP,) # R(PLA);
%:"Iﬂﬁ: R(PLAHPL) = RAATAHAAt = {O}, ﬁ?u R(PL.APL) = R(PLAHPL): Tflj
Ind(A) = 2, BiLl R(A) £ R(A#).

3.4 i WH Drazinji¥i 894X 23X &)

AT, BATH I8 M WHE Drazini 7 S84 5, HELERE FEFRMAEK
BN

LIF AN B EMKmATTiE.

51#R 34.1[16] WA O™, W e C™™, Ind(AW) = ki, Ind(WA) = ky, T
FL T .

(1) AgwWAW = (AW ) AW = Py sk viaw)hi s

WAW Agw = WAWA)a = Prpy apee n(wA)e2 s
(Y WAw = (WA ;  AgwW = (AW )y,
(3) rank( AW = rank(W A)*2,

12



378 3.4.2 23] #% A € O, LECTF TR, Hdiml = s(< r), K&
C™ 17|, BdimK = m—35, ALS K = C™;, B € O m) e K
CHe "R Ligya,

(1) % m=ni}, T =A+BC— AP ngy1 1,

(2) M m > nlt, ¥ B= (B, B, Bye ",

& M= (A+ BiC— APpngiy p, By),

(3) M m <nit, ®C=(G), ¢ e,

‘%_ N = (A+B{715PK‘ALA)0
2

il
(1) Hm=nnf, TR, B AT =T ~ Pasgsy (C'B Py ar;
(2) 2 m >nbt, MEFR, LM =(}1), M e g,
W AP = My — Pangiys (CBI(B1B] + BaBY) Py ar:
3) Hm<nit, NEFR, LN =(N, N2), Ny e C¥,
E!UAE)K = Ny — Pangsye 1 (C]Cy + C3Co) O BY P ar.
HE3.41 #HAec O™, We O™, Jnd(AW) = ky, Ind(WA) = ko, THFH LA
T
(1) Aaw = (WAW){:()AW}*I N(W Ak 3
(2) R(IW A C R(WAW): N(AW)* D N(WAW),
BESHRIARBELMER Aaw € WAW{L, 2}, Btk = max{k;, k} <2,
HER WEIFTRE, MEk=Fk =k =1,
iEM (1); M5 E34.1, R(Agw) = R(AW); N(Asw) = N(WA)®,

At LA AswW AW Agw = Aaw Priw ays nw aye = Aaw o
AT Agw = (WAW)R)

R(AW Y= N (W A}z °

(2): 151#3.41, B
R(WAW Agw) = R(WAY C R(WAW);
N{AgwW AW) = N{(AW)" O N(WAW),
XA
R(IWAW) C RIWAW Agw) ¢ (WAW Ay WAW = WAW © Agw € WAW {1},
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B LA R(IWA = RWAW) & Agw € WAW {1, 2}.
fia] 1 N(AW): = N(WAW) < Aqw € WAW{1, 2}.
e E s (WAW A, w )W AW = WAW,
BE| (WA (WA)WAW = WAW, Bl (WAP(WA), = (WA)?,
Bl ky <2, Bk <2, k=maz{k, ko} <2. iFEE.
ZH51M3425 M K341, RIVBBIWTFEE:
FIP 341 Ac O™, W e ™™, Ind(AW) =k, Ind(WA) =k,
0
Agw = T - PN(AW)*I,R(AW}“I C1BiPN(W&}"£,R{WA)"? °
Hrh T = WAW P awy niaws + BC,
PR B, CY 4 ik 2

R(B) = N(WA)*; N(C)= R(AW)",

TR 4 L= RAW)S, diml =s; K = N(W A,
il dimK = dimN(W AP = m — dimR(W A%
=m — R{AW) =m — s,
YHY  WAWL = WAWR(AW)® = WAW R(Azw)
= R(WAW Agw) = R(W A,
B WAWL® K = C™. M313842,
A T =WAW + BC — (WAW )Py awye v+ w ayapt riaw e IF BF F »
N EH
(WAWYENEHW AR = [(WAW)YH (N (Agw)t)]F = (WAW)P R(Agw)*]+
= [R{(WAW)T AT )" = N{Agw W AW) = N((AW)H)
7 LA
T = WAW + BC — (WAW) Py awyer roaw)is
= WAW Py awyis wiawshs + BCo
¥ BE WAWR(AW = R{{(WAW)A w) = R(W A)*,
1 34,1 5 3] 3.4 200 T 48 B
Agw = {"VAW){;{)AH-’)M.._N{wmk?

=T = Pyiawya piawyn CTB Prgw apa, gow ayee » UEEFR

14



BRI, MW = Iy, hiE 83.4.180 8 Drazinilfi () & 1K 5K .

it 341 WA C™™, Ind(A) =k, M Ag=T""— Py ary ratys
KB T = APpiary nar) + Prniary r(axy o

HARKTEER, ®#Ae CV(AE—BHEN, Bm<n), RELEE34MUEH,
IR 2/ =¥ LL¥

i 342 wAe O™ m<n), We V™, Ind(AW) = ky, Ind(WA) = ko,
rank( AW = s,

Aaw = My — Py(awytr piawyn G BY(BiBY + BaBY) Py ayie, miw ayre s

ﬁq'-‘l M — (WAW + B]_C - WAW'PN(AW}kl,R{AW}kl 2 BQ) E Cﬂxﬂ

M ~8
M= (Ml), M€ O™ B= (B, By)e G, Bie Cprim9, ¢F e gmxm—s
Z

19 R(B) = N(WAYe, N(C)= R(AW)",



4 P-BRIF R EI A

BRI R (U R AR R TR . {7 32 F i)
P, ROMAMPERABER R R EEARSRERENES, woikfl, SR
Rk, XFHOR 2 s ARSI, W, BRI, AN EEN.

FEMTETEREP-BY EE XA T HEENABMIER BE T HRER,
AT~ B3 KT REDLBIBI T G

4.1 YR EP-BRRIETFHR

BRIXARTHZSEMNPHEEZONEM. BW, BRI EHEEEBEAT HE
P MEERE. REFEEIL, EREF) CHELTBMESADULE, SHT
FEMER(28~31)%), AVHRECHLROER L, X P-BRF LEERS GHH
SRS TR AENTHE.

HAIH P-BRHRNE X, REAZFBEM LHaiksl.

EX411 K+ X — X'REBE X EPERARBERHN, & «#AL:

Vz, 21, T3 € X, (2') =x; (2:129)" = 1577,

EN412 HRBEGTH PRI, & THL:

{a) TR —BH

D) HHET WP ERAEW«: aa*, EXNTPHER NEFTE
ay, Gz, .-.s 6P 20 aia] # 0,

A ICR LA TRRHE G R B R 0 P-BR3, LLKRRERIR, R(R)ERT.EE

FE A (B {HIK, NAN)ERFRAE (E)FEN.

{41128 | Ae K™, T

() HEX e K™, @BRETRAXA=A; XAX =X,

(DY A K Bl ARG R BRI+, NWFERE--fX e K™, MATE
AXA=A; XAX = X; (AX)* = AX; (XA) = XA R E KM
rank(AA*) = rank(A*A) = rank(A4), HME X = Al,

1412 [31] | AT, flrank{AA") = rank{A* A} = rank(4),

16



WiS4.11 B Ae ™, MAR (i, ..., b} LE, i, ., &€ {1,234},
H AT"‘E'“H
51¥84.1.3 [31] &7, LOMER T LT3 messErE, W TT, L LEFED 5,
5178414 W ARTEMn x nBriskdER, WA frf, HEHRK
AA™ = ATA =1,
iE 4n=18, B A=(a), acl, HHAHK, FTla#0, XTRBK, B
LifEgE el el, #Rac ! =ala=1,
M= kB, B A, B AM—FZE, B AAL = AL A = TROT.

Ak (X}
:éanzkntlﬂq“,iﬁAkJrl:( ),;iqna,,el“‘“, by c 1%, ceT,

bk C

A [ 0 A, 0 I, A7l
ko Ok _ k k k k Ok gTrTz'Ta
bk C bkfij:l 1 0 ¢ 0 1

B 3% Apy Bk, UL G = — beATlay £ 0

. I 0 A A0 ) I, —A7]
‘%' I = y 3T2 - ) I3 = ¢ kO
*-bkA;I 1 0 ¢ ( 1

AT =Ty -Tp T, B%iE: =17, BT =TT =1, i = 1,2,3, FrUAE3;
T = Az}, BTAy = AeniT = Lo BRTHEM-PHEANANHE, h M-PIE @)
M- YA 4, T = Al M.
HIRgE, Bk,

B #4.1.3, 4.1.4, BpEM T HEW:

#itd.12 & A, BET LH#BERE, M (AB) ' =B 1A,

Mipd13 T e, Lel¥F, MTT =1, L'L=1I.

313B4.1.5 @A K™, MFEAEHe K ", Le K™, f§f§ A=HL,

kAR H[28]HIa YV A€ K", FHEEGHER P, QR

o2

% H:P‘(z), Lz(h D)Q"EM%G

17



4.2 P-BRIRLBE{1}-HaERMaD

AATHE 5 0 T B R K T B {1 - P-BREF BT R KRB B R L .
31784.2.1 29) | A€ K™, Be K™, W4
(a) R, (AB) = R, (A)M R B4 M E rank(AB) = rank(A),
(b) N.(AB) = N.(B)I) R E % R rank(AB) = rank(B).
51#4.2.2(30] & E € K™ "%, W B(E)BN(E)= K", E= Pp(5)N (5
B2, HELeM=K", B L, KR K A TZ0, WbFEERFEFE PLy, £
BR(Pu)=L, N(Pou)=M,
FHSHEENTHERETA.
SEM4.21 BHAeD, BelP*, C*eTP*, 4 M=A+BC, MMFEHGR,
HM e A{IIMREEREFHE

R.(A)@® R,(B) =T", N.(A)® N,(C)=T",

bR kA BT, Y

-1 -1 . —~1 -1 __ (1,2)
Aﬂ,’f = PRf(A),Rr(-B}’ M A —_ PNT{_C),Nr{A]’ .-.M AM = ANr{C}.Rr(B}"

Rl (REH) B MY, B M e A{1}, Bl AMTY, MTTABRESE
B . 5| #4.2.2, 93

RAAM D)@ N (AM Y =TI", R(M'A)® N.(M"'4)=T",

i8] #p4.2.1, 8% R.(AM™') = R.(A), N, (M~'A) = N.(4).

i M =A+ BC, 83| R* = R,(M) = R.(A+ BC) C R.(A) + R,(B),
Bl R.(A)+ R.(B)=T", Brank(B)>n—r. XRHK M~ € A{1},
Bl AM™'M = AM~Y{A+ BC)= A+ AM™'BC, #tWM AM1BC =0,
L 54.1.318 8] AM-1B = AM1BCC' =0,

BTk R.(B) C N.(AM™') = MN,(A4), XK dimMN(A) =n -7,
FrLl rank(B) <n —r. N3 R (A4)® R.(B)=T".

% -JiTh, FLEWE N(A)+ N(C} =17,

B MTUELE, BT N (A + BC) = N.(M) = {0},

#im N (A)NN(C) € N(A+ BC) = {0}. BB N (A)& N(C) =17

18



(F£4r ) Wig) B4.1.5, AGE T FA R
A=FG, Fer™, GeImn,

BiLAH R.(A) = R(FG) = R,(F); N.(A)= N,(FG) = N,(G),
H RS KB F R (F) & R(B) =T"; N,(G)® N,(C) =TI,

P)‘flxllﬁ(F,B)ﬂ( )EﬂFﬁﬁ-‘H‘LﬂﬂﬂM:(Fﬁ)( )ﬂﬂli’rﬁﬁr

T
F

C C

H i fE#4.1.2

-1

M= (F,B)(G) :(G) (F,B)™*
_ o C

&tF,B)"IE(B)’ WS4 FF =1, BB=1, FB=0, BF =0,

—1
G L. : . . .

t’i( ) =(G,C), WABAMGG =1, CC=1, GC=0, CG=0. Rl
C

.. [ F I
AM‘lA-:FG(G,C)( | )FG:F(I,G)( )G:FG:A
B 0

Bp M1 e A{1}.,
L ERSHEHRRS, ME N(AM™) = R.(B); R(MA)= N(C).
H h 5| 1H4.2.260 48

- —1 ~1 —1 (1.2)
AM™' = P (ayn.(8)» M™'A= Py o) N8 MTTAM™ = A7y po oy e

BE .

FTEA2UIRHRE s R, THRROMBELTROBIL.

5138423 BWIPIBIETFZE L, M@ L dmL + dimM = n, U, VEFH
BERE, MERU) =L, R(V)=M, MLeM =T"NRELHFR PLyw, +
Py n. vy RRIEATRH .

iERR  25fl[29, 51ERI|Ar{E.,

FHL2D WA, Be Pk, ¢ grktnomxn

() 24 m > nit, & B = (B, By), By € Tt

kdn -

19



4 M= (A+ B\C, By),

& . A+ BC
W) Hm<nit, §C=| |, Cierd™, 4N = .y
Cg CQ

Wy

. . M
(a) BHm >nif, MIFHR, FLM ' = ( 1 ) M, e T3,

M,
£ M, € A{l}.

(b) % m <nif, VTR, HFid N'= (N, N,), N e,
H N; € A{l}.
RIMEEFMR R.(A) & R.(B)=T™, N.(A)® N,(C)=T",
ER R R, RiES(D).

. A . B 0
(b)%m<nﬂ¢,%A=( ) ,B=( ) °
0 0 dnmm Xt

A+ BC,
Cy
Bl No.(A) @ N.(C) = R"% 4 F N.(A) @ N(C) =T". X

@5 A+ BC = ( ) — N. XEH N(A) = N(A),

BB+ AAt O )

Pr ayn.8n T Prdy v = (
0 Im

—

0 Iﬂ.-m

ﬁﬁu ’ PRT{E},Nr(B‘} + F r{j}}ﬁr{gu) f:j PRT(B),NT{B*] ~+- PRr-(A).Nr(_A*}ﬂﬁA*H ﬁmﬁﬂﬁ )
15| 14.2.3, 4 dimR.(B) + dimR,(A) = ni},

( PR,(B),N,.(B*) +PRT(A).NT-(A") 0 )

Rr(é) EB RT(A‘) — Fn —4 PR,-{Q}; + PRT{A)}ElFﬁ%u
I AE 18] 4.2.3, X dimR,(B) + dimR,(A) = mitt,

R.(BY& R (A) = R"™ & Pg,p), + Pr.a), 7T

I A . B 0
¥ JITRL, R A= , B = a
0 0 Inem J

B LL dimR,(B) + dimR.(A) = n 24 T dimR,(B) + dimR,(4) = m,

2()



MW R (B)& R.(A) =T" %4 F R.(B)a@ R.(4) =T",
b2 4210 51 N1 e A{1}, BTl

. (A) (A) (AMA) (A)
AJ’V 1/1 — (.L'Vl, Ng) = =
0 0 0 0

A AN A = A, Ny € A{1}.

4.3 P-BIFERAT- a0 Mt 5

- LIRS A, WM X, W. M-Pif, B, Drazinif i R4 5
ERME SN2}, 8 AT, 23]t T AR R BERE. AWd, B
MR PRI L,

5134.3.1[30) W AT, T, SH4MRI", I EaTam, M AP s-mE-
HAENTEE &K

AT S=1T", dimT =3, dm&S=m—5, 0<s<r,

318414, 4.2.2, LARHER4.1.2, 4.1.3, R30I MU, T8 T HHA-5) 8
7E P- BREF L AL

3{384.32 wAcT™®, L, KRET"WA 72208, eaml=s5<r, dimK =n—35,
ALK =T, B,C* eI o R(B)=K, N(C) =L, SERFEEHL

E®L=R'WAHTHR, $T=A+BC~ APg,,

T B AP PgC
il a7 R, BHOEREN ‘ .
C 0 BfPK,AL '"‘In*—s

Ail A12

2]184.3.3 RO BB
Ay A

)E IEROWSRRE, WRYERER

Aﬂ{z —Aj; 11,21“1124“1:.721
—~An A21A1_11,2 Az + AR An Al A AL
P AL = A — Atzﬂz@lﬂma
LLFRANHIRER.
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EI431 W Ael™™, L, KNnRED, I B4 758, HdimL =35 <,
dimK =m—s, ALGK =1, Be Fﬁ“i’“ E ot e FW{” 8 W2 R(B) =K,

N(C)=L, RERER#HL E® L=T"% 12 MH.

(a) 4m=nhl, 4T=A+BC - APz, WA =T ~ P C'B} Px ay.

(b) M m > nlet, 'Et B = (BI;BQ) B, € me{nuq}
4 M =(A+B'C— APp1, By), MIMERR, AR

M B . )
M= ( ‘)# M, e ™, pt :( b ) B, e T
M, B,

mA Af)p; = My — PgC'B,1 Pk ar.

s Cl (m—s)xn
(c) ¥m<nfif, Bt C= , el .7,
Cy

oo (A-I-*BClC-APK,AL ) I
2

-1 :(Nl,NE); Nl F?tXm CT (Cl 02) C} e R{n ~8}Xm

k= Aﬁ{ =N, — Pe C1B'Px oar.
iERR  (a) {3 m=nd, H5IEE43.2, 4.3.39]H:

-1
T B AP PgCt (A% + PpiCt B! P aL)™
¢ 0 BtPK,AL — I * *

B T = (AP + PeCIB Py ar)™, 81 AP =T = P 1C'B Py ar.
(b) 24 m > ni}, 4

A . c 0 . ( z
A= (A, O)mxms C = , L=< ; ze L, 0e R
0 Im—n L 0

P)ﬂflﬁf“ Nr(é) — f/a
ﬁ-eli SRR EH_MSEFH, Ei= Rr([el-,r**-pgn—s]):

€ 1
A €y == cel™, 1=1..n-s,
()

A‘} é}: ‘? = n—38-+ ]-:«“-:m o SE%J”T"{J}E:}JIW %&[’Lﬂ'ﬁ%r E R ([Pl N AP 5])
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PLEAB AR SRR TS, AW RSB —FEHNE.
B RREE4A, BiH: https://d. book118. com/39713205406
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