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— In this paper, a feedback linearization-based con-
troller with a high order sliding mode observer running parallel is
applied to a quadrotor unmanned aerial vehicle. The high order
sliding mode observer works as an observer and estimator of the
effect of the external disturbances such as wind and noise. The
whole observer-estimator-control law constitutes an original
approach to the vehicle regulation with minimal num- ber of
sensors. Performance issues of the controller-observer are
illustrated in a simulation study that takes into account parameter
uncertainties and external disturbances.

|. INTRODUCTION

Small UAV Quadrotors are designed to easily move in
different environments while following specific tasks and
providing good performance as well as a great autonomy.
Affected by aerodynamic ‘orcess, the quadrotor dynamics is
nonlinear, multivariable, and is subject to parameter un-
certainties and external disturbances. In turn, controlling of the
quadrotor is required i) to meet the stability, robustness and
desired dynamic properties; ii) to be able to handle
nonlinearity; iii) to be adaptive to changing parameters and
environmental disturbances.

Main difficulties of the motion control are thus para- metric
uncertainties, unmodeled dynamics, and external dis- turbances
[1], which result in further complication in the design of
controllers for actual systems [3]. However various advanced
control methods such as feedback linearization method [4],
have been developed to meet increasing demands on the
performance, however, they required full information on the
state that may limit their practical utility. Indeed, even if all
the state measurements are possible they are typically corrupted
by noise. Moreover, the increased number of sensors makes the
overall system more complex in imple- mentation and
expensive in realization. In order to decrease the number of
sensors in [5] the use only a rotational motion sensors is
proposed in order to control tilt angles and evaluate
translational motion. However, aerodynamic forces still cause
difficulties to overcome. Thus motivated, an observer-based
feedback design becomes an attractive approach to robotic
control.

The use of state observers appears to be useful in not
only system monitoring and regulation but also detecting as
well as identifying failures in dynamic systems. Almost all
observer designs are based on the mathematical model of the
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plant, is no linearized and has consequently have uncertain
inputs. From the other hand the relative degree of the model
with respect to the known outputs heavily dependent on the
accuracy of the mathematical model of the plant [6].

So the main motivation of the paper are:

- Feedback linearization controller of the quadrotor needs
the third derivatives of measured states in order to
reconstruct tilt angles and to fulfill the controller re-
quirement.

- When quadrotor is subjected to external disturbances,
it would be suitable to compensate them through an
observer based controller.

- The observers should be robust with respect to external
perturbations (wind and noise).

- Observers based identification perturbation allow to re-
duce the number of sensors required for control design.

Methodology. The relative degree of the UAV Quadrotors
model w.r.t. to unknown inputs is more than one and the
standard necessary and sufficient conditions for observation of
the systems with unknown inputs are not fulfilled [2]. To solve
the problem of observation for UAV Quadrotors the higher
order sliding mode observers will be used.

Sliding mode observers (see, for example, the correspond-

ing chapters in the textbooks [13], [22], and the recent tutorials
[71, [9], [10]) are widely used due to their attrac- tive
features: a) insensitivity (more than robustness!) with respect
to unknown inputs; b) possibilities to use the values of the
equivalent output injection for the unknown inputs
identification; ¢) finite time convergence to exact values of the
state vectors. In [14], [22] and [8] a step by step form of sliding
mode observers were proposed. Such observers based on the
transformation of a given system to a block observable form
and the sequential estimation of each state by using of the
value of the equivalent output injection. On the one hand, this
schemes allows to formulate some observability conditions for
linear time invariant systems with unknown inputs. Such
conditions were formulated in [22], [8] for the scalar case.
From the other hand, realization of this scheme caused
obligatory filtration due to the non-idealities.
In [18], [19] and [21] a robust exact arbitrary order differen-
tiator was designed ensuring finite time convergence to the
values of the corresponding derivatives, and applications of
higher order sliding algorithms were considered.

Basing on the second-order sliding-mode super twisting al-
gorithm in [20].an observer for uncertain mechanical systems
with only position measurements was proposed ensuring best
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plant, is no linearized and has consequently have uncertain
inputs. From the other hand the relative degree of the model
with respect to the known outputs heavily dependent on the
accuracy of the mathematical model of the plant [6].

So the main motivation of the paper are:

« Feedback linearization controller of the quadrotor needs
the third derivatives of measured states in order to
reconstruct tilt angles and to fulfill the controller re-
quirement.

« When quadrotor is subjected to external disturbances,
it would be suitable to compensate them through an
observer based controller.

o The observers should be robust with respect to external
perturbations (wind and noise).

« Observers based identification perturbation allow to re-
duce the number of sensors required for control design.

Methodology. The relative degree of the UAV Quadrotors
model w.r.t. to unknown inputs is more than one and the
standard necessary and sufficient conditions for observation
of the systems with unknown inputs are not fulfilled [2]. To
solve the problem of observation for UAV Quadrotors the
higher order sliding mode observers will be used.

Sliding mode observers (see, for example, the correspond-

ing chapters in the textbooks [13], [22], and the recent
tutorials [7], [9], [10]) are widely used due to their attrac-
tive features: a) insensitivity (more than robustness!) with
respect to unknown inputs; b) possibilities to use the values
of the equivalent output injection for the unknown inputs
identification; c) finite time convergence to exact values of
the state vectors. In [14], [22] and [8] a step by step form of
sliding mode observers were proposed. Such observers based
on the transformation of a given system to a block observable
form and the sequential estimation of each state by using
of the value of the equivalent output injection. On the one
hand, this schemes allows to formulate some observability
conditions for linear time invariant systems with unknown
inputs. Such conditions were formulated in [22], [8] for the
scalar case. From the other hand, realization of this scheme
caused obligatory filtration due to the non-idealities.
In [18], [19] and [21] a robust exact arbitrary order differen-
tiator was designed ensuring finite time convergence to the
values of the corresponding derivatives, and applications of
higher order sliding algorithms were considered.

Basing on the second-order sliding-mode super twisting al-
gorithm in [20].an observer for uncertain mechanical systems
with only position measurements was proposed ensuring best
possible approximation for the velocities.
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Maizn contribution. In the paper the model of UAV Quadro-
tor and feedback linearization-based controller is suggested. To
realize this with a high order sliding mode observer running
parallel is applied to a quadrotor unmanned aerial vehicle. The
high order sliding mode observer works as an observer and
estimator of the effect of the external disturbances such as wind
and noise. The whole observer- estimator-control law
constitutes an original approach to the vehicle regulation with
minimal number of sensors. Performance issues of the
controller-observer are illustrated in a simulation study that
takes into account parameter uncertainties and external
disturbances UAV Quadrotor is suggested. To realize the
control algorithm and identify the uncertainties a fourth order
sliding mode observer based on fourth order differentiator [21]
is suggested This observer converge in finite time ensuring the
identification of the effect of the external disturbances such as
wind and noise. The whole observer-estimator-control law
constitutes an original approach to the vehicle regulation with
minimal number of sensors. Performance issues of the
controller-observer are illustrated in a simulation study that
takes into account parameter uncertainties and external
disturbances.

Paper structure.The rest of the paper is outlined as follows.
UAV dynamics is deduced in section 2. The inner outer
controller is developed in section 3. The observer design is
presented in section 4. Simulation results are given in section
5. Section 6 yields some conclusions.

Il. QUADROTOR DYNAMICS

The quadrotor is composed of 4 rotors. Two diagonal motors
(1 and 3) are running in the same direction whereas the others
(2 and 4) in the other direction to eliminate the anti-torque. On
varying the rotor speeds altogether with the same quantity the
lift forces will change affecting in this case the altitude z of the
system and enabling vertical take-off/on
landing. Yaw angle w is obtained by speeding up\slowing
down the diagonal motors depending on desired direction. Roll
angle ¢ axe allows the quadrotor to move toward y direction.
Pitch angle 6 axe allows the quadrotor to move toward x
direction. The rotor is the primary source of control and
propulsion for the UAV. The Euler angle orientation to the
flow provides the forces and moments to control the altitude
and position of the system. The absolute position is described
by three coordinates (xo, Yo, zo), and its attitude by
Euler angles (y, 6, @), under the conditions (- < w < m
for yaw, (- % < 6 < 5) for pitchand (- % < ¢ < F)
for roll. The derivatives with respect to time of the angles
(,6,) can be expressed in the form:

@)

where @ = col(p, g, r) is the angular velocity expressed with
respect to a body reference frame and M (y, 6, ¢) is the 3x3
matrix given by:

colly, 6, ) = M(y, 6, Po

0 S(pSe 06 C@See
My, 0,9=L0 co _gp
1 SeTé CeTo

@

with S. =sin()), C.=cos(), T.=tan(), Se. = sec()
This matrix, as shown, depends only on (y, 6, @) and it is
invertible if the above conditions on (i, 6, @) hold.
Similarly, the time derivative of the position (xo, yo, zo)
is given by:

®)

where Vy = collugvo,wyp) is the absolute velocity of
the UAV expressed with respect to an earth fixed inertial
reference frame. Let V = col(u, v, w) be the absolute velocity
of the UAV expressed in a body fixed reference frame. Then V
and Vo relate according to

colGaw, yo,z0) = Vo

Vo=R(y, 6,V
Wherei R(y, 6, @) is the rotation matrix given by

COCy CyS6Sp — CpSy CopCywSO + SpSy
COSy SBSeSy + CpCy  CpSOSy — CySe
-S6 COSep COCo
Equations (1) and (3) are the kinematic equations. The
dynamic equations are now expressed. Using the Newton’s

R:L

laws about the center of mass one obtains the  dynamic
equations for the miniature four rotors helicopter

mV o= Foy )

Jo =—woXJo+ Text (5)

where the symbol X denotes the usual vector product, m is
the mass, J is the inertiia matrix which ii given by

L 0 0
Jg=Lo o
0 0 L

Due to the symmetry of the geometric form of the quadrotor
the coupling inertia is assumed to be zero. The notations
Feu Tt Stand for the vector of external forces and
that of external torques, respectively. They contain the heli-
copter’s weight, the aerodynamic forces vector, the thrust and
the torque developed by the four rotors. It is straightforward to

compute that |
Ax — (CpCwSO + SpSy)u
Ay — (CpSOSy — CySpu 1
Az +mg— (cocp
Ap+ w2d
Ag + usd 1
Art+uy

F, ext — L (6)

Text = L

where

- (A, Ay, A)T and col(Ap, Aq, A)7T are the resulting
aerodynamic forces and moments acting on the UAV
and are computed from the aerodynamic coefficients C;
as Ai= 3Pqir CiW? [11],[12] (pair is the air density,
W is the velocity of the UAV with respect to the air) [15].
(C:i depend on several parameters like the angle between
airspeed and the body fixed reference system, the
aerodynamic and geometric form of the wing);

- g is the gravity constant (g =9.81ms™);
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for roll. The derivatives with respect to time of the angles
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where w = col(p, g, r) is the angular velocity expressed with
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matrix given by:

0 S¢S.0 ChS.0

1 SéTO CHTo

with S. = sin(.), C. =cos(.), T. = tan(.), S.. = sec(.)
This matrix, as shown, depends only on (v, 0, ¢) and it is
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Similarly, the time derivative of the position (zg, %o, 20)
is given by:
col(o, o, 20) = Vo 3)

where Vy = col(ug,vg,wp) is the absolute velocity of
the UAV expressed with respect to an earth fixed inertial
reference frame. Let V = col(u,v,w) be the absolute
velocity of the UAV expressed in a body fixed reference
frame. Then V' and V relate according to

Vo =R(¢,0,0)V
where R(1),0, ¢) is the rotation matrix given by
COCy CpSOSp — CpSy  CopCPSH + SpSy
R=| COSy S0SpSy+ CopCy CpS0Sy — CpS¢
-50 COSo CoCo

Equations (1) and (3) are the kinematic equations. The
dynamic equations are now expressed. Using the Newton’s
laws about the center of mass one obtains the dynamic
equations for the miniature four rotors helicopter

mVo = Fup “
Jio=-wx Ju+ > Tea ®)

where the symbol x denotes the usual vector product, m is
the mass, J is the inertia matrix which is given by

L, 0 0
J=10 I, 0
0 0 I

Due to the symmetry of the geometric form of the quadrotor
the coupling inertia is assumed to be zero. The notations
> Fexts » Tont stand for the vector of external forces and
that of external torques, respectively. They contain the heli-
copter’s weight, the aerodynamic forces vector, the thrust and
the torque developed by the four rotors. It is straightforward
to compute that

ZFext:

[ A, — (CopCSO + SpSih)uy
Ay — (CHSOSY — CSoyur | (6)
| A +mg— (COCP)u,
i Ap —+ 7.L2d
Aq + uzd
L Ar + Uuq

Z Tewt =

where

o (As, Ay, A)T and col(A,, Ag, A,)T are the resulting
aerodynamic ‘orcess and moments acting on the UAV
and are computed from the aerodynamic coefficients C;
as A; = 24y CiW? [111,[12] (pair is the air density,
W is the velocity of the UAV with respect to the air)
[15]. (C; depend on several parameters like the angle
between airspeed and the body fixed reference system,
the aerodynamic and geometric form of the wing);

e g is the gravity constant (g = 9.81ms~2);
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d is the distance from the center of mass to the rotors;

- is the resulting thrust of the four rotors defined as w1
=(Fi+ F2+ Fs+ Fy)

- wue is the difference of thrust between the left rotor and
the right rotor defined as uz = d(Fy - F»)

- ugs is the difference of thrust between the front rotor
and the back rotor defined as us = d(F; — F1)

- w4 is the difference of torque between the two clockwise
turning rotors and the two counter-clockwise turning
rotors defined as ws = C(F1 — F» + F3 - Fy)

- C is the force to moment scaling factor

Assuming that the electric motors are velocity controlled,

then (w1, us, us, ws) may be viewed as control inputs. The
dynamic model of the quadrotor has been developed in
many experimental works but in different manner, like S.
Bouabdallah ([16]). Referring to [17], the real control signals
(w1, us, us, ws) have been replaced by (u1, us, us, usa) to
avoid singularity in Lie transformation matrices when using
exact linearization. In that case w: has been delayed by dou- ble
integrator. The other control signals will keep unchanged

w=% (=& &=wm

u2=UuUuz

us=us )
w=Uua

The obtained extended system is described by state space
equations of the form:
_ 4
x=fOo+ 00 ®
=1

y = h(x)
where

x = [, yo, 20, @, 6, @, wo, vo, wo,, & p, g, A7
y= o vo zo,pl"
|
uo
I o
I wo
qS®pSe0 + rCepS.0
| qCop - rSop
| _ p+qSeTo+ rCeTo
I 4x_L(CopCysSo+ SpSy)
=] - ,,}1‘ (C(pSQISlp - CySe) {
| 22 + g- HCOCy )T
¢
I 0
l IyI;IZ + % J
Iz;ylx pr+ %
“pat

a1 (0=10,0,0,0,0,0,0,0,0,0,1,0,0,0]7
— T
2(0) = 0,0,0,0,0,0,0,0,0,0,0, £0,0

—_ T
(300 = 0,0,0,0,0,0,0,0,0,0,0,0,g,o
—_ T
(0= 0,0,0,0,0,0,0,0,0,0,0,0,07

The purpose of the next section is to design a feedback
controller for the four rotor miniature helicopter which exhibits
robustness properties against neglected effects and parametric
uncertainties.

I1l.  FEEDBACK LINEARIZATION CONTROLLER

The feedback linearization technique is based on inner and
outer loops of the controller. The Input-Output linearization-
based inner loop uses the full state feedback to globally
linearize the nonlinear dynamics of selected controlled out-
puts. Each of the output channels is differentiated sufficiently
many times until a control input component appears in the
resulting equation. Using the Lie derivative, Input-Output
linearization will transform the nonlinear system into a linear
and non-interacting system in the Brunovsky form. The outer
controller adopts a classical polynomial control law for the new
input variable of the resulting linear system.

A. Structure of the inner controller

The input-output decoupling problem is solvable for the
nonlinear system (8) by means of static feedback. The vector
relative degree {ri, rs, r3, ra} is given by

n=—ro—= T'3:4; 7'4:2
and we have
col(y™, yr?, y?, y) = G+ AU (9)
where A(x) and b(x) are computed as follows:
Lo, L7 (o) Lg, L7 (0

AGI =
Lg, L7 hy(0) Lg, L7 ()
I L;} h (0
b =] _ (10)
L}’*h4(x)
where
Lh = TP Lo = LA hG)

=1

The matrix A(x) is non singular everywhere in the region

{=0,-5 < @< g, —5 < 60 < 3. Therefore, the

input-output decoupling problem is solvable for system (8)
by means of a control law of the form:

u = a0+ v (11)
where a(x) and B(x) are given by
a(x) = -A1 () b(x) (12)

BOG) =A%

Taking into account relation (7), we derive the structure
(Figure 1) of the control law of system (8). Moreover, Ssince
system (8) has dimension n = 14, the condition

nt+rnt+trntrn=n
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o d is the distance from the center of mass to the rotors;

o uj is the resulting thrust of the four rotors defined as
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o uy is the difference of torqu: bettween the two clockwise
turning rotors and the two counter-clockwise turning
rotors defined as uy = C(Fy — Fy + F5 — Fy)

o C is the force to moment scaling factor

Assuming that the electric motors are velocity controlled,

then (u1,us,us, us) may be viewed as control inputs. The
dynamic model of the quadrotor has been developed in
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avoid singularity in Lie transformation matrices when using
exact linearization. In that case u; has been delayed by dou-
ble integrator. The other control signals will keep unchanged

U1:€§ ézf; é:ﬂl

U2 = U (7)
us = ﬂg
Uy = ’lj4

The obtained extended system is described by state space
equations of the form:

4
z=f(2)+ ) gi(x)u; ®)
i=1

y = h(x)

where
r = [x07 Yo, 20, w: 6: ¢: Ug, Vo, Wo, Cv fvpa q, T]T
T
y = [To, Y0, 20, 1]
_ w0 -
Vo
Wo
gS$S.0 + rCpS.0
qCop—rSo
p 4 qgSPTO + rCHTH
Az _L(ChpChpSO + SpSy)¢
F=| & T (cpsosy - cvsg)c
Lz 4 g-L(COCH)C
3
0
Brleqr ot 7
Iz%y]“’pr + 7

Iy
I, —1, A,
L =Pt T J

g1(x) = [0,0,0,0,0,0,0,0,0,0,1,0,0,0]"
T
g2($) = |:07 07 07 Oa Oa 07 07 O: 0: 07 07 %07 0]

ga(x) = |0,0,0,0,0,0,0,0,0,0,0,0, 1

711/’

T
o]
ga(x) = [0,0,0,0,0,0,0,0,0,0,0,0,04]

The purpose of the next section is to design a feedback
controller for the four rotor miniature helicopter which
exhibits robustness properties against neglected effects and
parametric uncertainties.

III. FEEDBACK LINEARIZATION CONTROLLER

The feedback linearization technique is based on inner and
outer loops of the controller. The Input-Output linearization-
based inner loop uses the full state feedback to globally
linearize the nonlinear dynamics of selected controlled out-
puts. Each of the output channels is differentiated sufficiently
many times until a control input component appears in the
resulting equation. Using the Lie derivative, Input-Output
linearization will transform the nonlinear system into a linear
and non-ineracting system in the Brunovsky form. The outer
controller adopts a classical polynomial control law for the
new input variable of the resulting linear system.

A. Structure of the inner controller

The input-output decoupling problem is solvable for the
nonlinear system (8) by means of static feedback. The vector
relative degree {ry,ra,73,74} is given by

7”127‘2:7“3:4; T4:2
and we have
col(yt™, y8"™ y8™ i) = b(a) + A)a )

where A(z) and b(x) are computed as follows:

Lg, L} hy () Lg, L} hy ()

Az) = e o
Lg, L™ hy(x) Lg, L' hy(x)
L ha(z)
b(z) = : (10)
L' hy(z)
where
— Oh k k—1
Lyh(z) = fila);  Lih(z) = Ly(Ly™ h(z))

i=1 Oz

The matrix A(x) is non singular everywhere in the region
¢ #0, -5 < ¢ < 3, —5 < 0 < 3. Therefore, the
input-output decoupling problem is solvable for system (8)
by means of a control law of the form:

u = a(z) + f(z)v (11)
where «(z) and 3(x) are given by
afr) = —A7H(z)b(x) (12)
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[

o 17, | wvav _: N
Ve T = 0(x)+ BOOV[T, T, Ya
v, — — | dynamics —> 7,
v, —> ﬁ# ”'4 ——
t “ Ix
Fig. 1. Block diagram of the inner loop.

is fulfilled and therefore, the system can be transformed via
static feedback into a system which, in suitable coordinates, is
fully linear and controllable. However, due to the presence of
external disturbances the Input-Output linearization is not
exact and the inner closed loop system in that case is composed
into a linear part and a nonlinear disturbance part:

e e | | \

Yi %:“‘ Ur §1(x t)
NS JENyNe S
Vo AN TN

%2) dzilé’ Uy §4()C t)
dt (13)

with | |

&(x Y /l 4 ':_ a14Ap: a15£q

§2(x t) y az4 P a25 q

§3§x 3 I\ Gy AptagA j

Glx, a45A + aueAr
where

ay = (SpCyS6 - (CopSy)/(mL);
15 = —(CywCO)/ (mly)
a4 = ($SeSwSO + (CopCy)/(ml);
Q25 = —(ZSl/)CG)/(me)
azs = ({S@CO)/(mL); ass = (§SO)(mly)
a4s = S/ (1,CO); ass = Cop/(I:CO)
v, U2, Us, Uy, Fepresent the new input control signals. The

controller compares the primary state (xo, Yo, 2o, ) and their
successive derivatives to the desired state trajectory.

B. Structure of the outer controller

While adapting a classical polynomial control law for the
new input variable v with disturbance compensation, one
obtains the following equations:

L = .x((?l —/13“6.311 — i — A€ — Acen — z{l
V2 = yd4 -13€ —pr-l€z-Aen —zfz
%3 =2_:¢4) 133 -Aen-Ad 3-Aen -z{o,
wm=ywd-Aeslasz {
14

where xq, yd, za, wa represent the desired output signals,
corresponding to xo, Yo, 2o, , respectively, the errors sig-
nals eu = [Xo = Xod] €12 = [Yo — Yod| €13 = [z() — Zoq] and
es = [w— wd] and the coefficients A, i=0,--- ,5 are to be
specified in the sequel. The variables 7/, zf z4f3 and %"

are the filtered signals of zy, z42, z43 and ze given in the
observer section. The closed-loop system (13), (14) can be
rewritten in the form

€ = Ae+ §~(x, ) (15)
§=186 & & &l7 (16)
7=z, 2, 2, 2 17)

where e represents the tracking error between the desired
value and the actual one, i.e.,

e = [e, e, e3, eye5, e]”
and

e = [eu, €12, 613]T
ex= e eg=e;;

& =&

e, = ¢ (18)

§~(x, t) is the wind parameter errors of the disturbances The
matrix A is then given by

0 I 0 0 0 0
l 0 0 I 0 0 0
A=l 0 0 0 I 0 0
| AL AT —Ael =l 0 0 |
0 0 0 0 0 1
0 0 0 0 - —As

where T'is an identity matrix of dimension 3 x 3 and the the
control gains A;, i=0,..., 5 are such that the eigenvalues

of the matrix A have desired locations.

It is very important to know the domain of attraction of an
equilibrium point that is the set of initial states from which the
system converges to the equilibrium point itself [24],[25].
Actually, such problem arises in both system analysis and
synthesis, in order to guarantee a stable behavior in a certain
region of the state space.

IV. HiGH ORDER SLIDING MODE OBSERVER

Motivated by practice, the measured UAV variables are the
absolute position xo, Yo, 2o and the orientation wp which
represent the translational motion and rotation around z axis,
respectively. Although non measurable signals can be
obtained by successive differentiation, however, they are
contaminated by the measurement noise to such a degree
that the differentiation can no longer be used. To avoid
differentiation let us construct an observer based on arbitrary
order high order sliding mode differentiator [21]..

A. Observer model

The linearized dynamic model of the quadrotor with the
measured signals xa = [xo, Yo, 20]T, and x5 = y can be
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is fulfilled and therefore, the system can be transformed via
static feedback into a system which, in suitable coordinates,
is fully linear and controllable. However, due to the presence
of external disturbances the Input-Output linearization is
not exact and the inner closed loop system in that case is
composed into a linear part and a nonlinear disturbance part:

(4 d’x
y%g d%tf V1 &i(x, 1)
Y5 I - I o(, t)
@ | T d% [T oo | T &b
Ys d2t4 3 34y
yf) ((iﬁ; Vg 54 (.%', t)
v (13)
with
&i(,1) G audy +aisd,
62 (1‘7 t) _ % =+ a24Ap + a25Aq
&3 (CE, t) ’74; + a34Ap + a35Aq
€a(z, 1) ay5Aq + as6Ar
where

a14 = (CS¢CYSH — CCHSY)/(mly);

a15 = —(CC¥CO) /(ml,)

agq = ((SPSYSO + CCHC)/(ml,);

azs = —(¢SPCO)/(mly)

azs = ((S¢CO)/(ml;); azs = ((SO)(ml,)

45 = Sd)/(IyC’O), 46 = C¢/(IZ09)

v1, V9, V3, V4, represent the new input control signals. The
controller compares the primary state (g, Yo, 20, %) and their
successive derivatives to the desired state trajectory.

B. Structure of the outer controller

While adapting a classical polynomial control law for the
new input variable v with disturbance compensation, one
obtains the following equations:

v = x((;l)

s — (D

2 =Yq
4 . .

vz = Z,(i ) A3€13 — X213 — A1€13 — Ape13 — 2’4{3

vy = Pg — Asés — \ses — Zg

.o . . f
—A3€11 — A2f11 — AMé11 — Aoeir — 2y
vee . . f
—A3€12 — A2f1a — A1€12 — Age12 — 2y

(14)
where x4, Y4, 24,94 represent the desired output signals,
corresponding to xg, Yo, 20,1, respectively, the errors sig-
nals e11 = o — Toa] €12 = [yo — Yod] €13 = [20 — 20a] and
es = [tp — 4] and the coefficients \;, s = 0,--- ,5 are to be
specified in the sequel. The variables zf:l, ZZQ, zf;g and zéc

are the filtered signals of z41, 242, 243 and zg given in the
observer section. The closed-loop system (13), (14) can be
rewritten in the form

é:Ae+§~(x,t) (15)
€= 61 &, &, &) (16)
o =2, 2o, 2, 2 a7

where e represents the tracking error between the desired
value and the actual one, i.e.,

o T
€= [617 €2, €3, 64,657 66]
and

T
e1 = [e11, €12, €13]
ey =é1; e3 =€1; e4 = €3 (18)
g = é5

&(z,t) is the wind parameter errors of the disturbances The
matrix A is then given by

0 I 0 0 0 0
0 0 I 0 0 0
A ] 0 0 0 I 0 0
ol —MI =X =Xl 00
0 0 0 0 0 1
0 0 0 0 A —As

where [ is an identity matrix of dimension 3 x 3 and the the
control gains \;, ¢ = 0,...,5 are such that the eigenvalues
of the matrix A have desired locations.

It is very important to know the domain of attraction of an
equilibrium point that is the set of initial states from which
the system converges to the equilibrium point itself [24],[25].
Actually, such problem arises in both system analysis and
synthesis, in order to guarantee a stable behavior in a certain
region of the state space.

IV. HIGH ORDER SLIDING MODE OBSERVER

Motivated by practice, the measured UAV variables are
the absolute position zg, Yo, 20 and the orientation
which represent the translational motion and rotation around
z axis, respectively. Although non measurable signals can
be obtained by successive differentiation, however, they are
contaminated by the measurement noise to such a degree
that the differentiation can no longer be used. To avoid
differentiation let us construct an observer based on arbitrary
order high order sliding mode differentiator [21]..

A. Observer model

The linearized dynamic model of the quadrotor with the
measured signals z; = [aco,yo,zg]T, and x5 = 1 can be
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represented in the following state space form

X1 = Xo
X2 = X3
)'c3 =X
=ly,u,u]7+I1&,6,8I7 (19
X5 = Xo
Xe =+ &

Let us propose the observer based on high order differ-
entiation for the state variables xi, x2, X3, X4, X5, X6 Of the
form:

X =X5+ 2
Xp=X4t+z
%4 =y, vs, 1sf + 2z, (20)
X=X + 7
)éé =1+ 2
where
3/4 .
Za=yla—%| Signic—x)
2/3
Z2 = Y2 |H2 - )?32| sign(yz - 5(32)
172
z3 =V |us — xs|  sign(us — &s) (1)
z=a sign{p+ X )
1/2
Z5 = Va|X5 = Xs| sign(xs — Xs)
26 = assign(pe — Xo)
and

Ho=Xo+2zi5 3= X3 + 205 Uy = X4 + 23
Us = X6 + 25

Theorem 1: The observer (20),(21) for the system (19)
ensures in finite time the convergence of the estimated states

to the real states, i.e (1, X2, X3, X4, x5, x8) —— (x1x ,2
X3, X4, X5, %) and the convergence of the filtered
T
2, 2,2, 10 §ag = [&, &, &1 and the filtered 2 to
& Proof: The finite time convergence of observers for

variables X5, X is proved in [20].Taking X¥: = x; — X: the
estimation error can be written as:

3/4
v X sign(xl)
2/3
sign(yz - %2)
1/2

signlus — Xs)

1=;&2—
X2 =X _Yzlllz_f(le
X3 = X4 ~ V3l — X3l

)-é; = §123 - a4$ign(y4 - 3\64) (22)

To proof of finite time convergence of the error of observer
(20) for X1, X2, X3, X4 we need just to rewrite first four

equations of (22) in the form of differential inclusion

3/4

valxa|  sign(Ty)

£= 0
o - ~ 2/3 . ~
%= xX5—yius X'} sign(u,— x)
. 1/2
X3 =X4 —y3lus — X3l
.~4 IS [—f"r’fz] —_ aASlgn(IM —_A4)
This inclusion is understood in Filippov sense [23]. The proof
finite time convergence now is follows from Lemma 8 in [21].

sign(us — Xs3)
(23)

B. Output states reconstruction

The sliding observer presented above is in fact a state
estimator with partial state feedback (xo, Yo, 2o, W) taken as
measured variables. The observer estimates the state needed by
the control law to calculate the tracking error between the
desired trajectories (ad, Xed, Xsd, Xad, Xsd, Xed) and the
estimated ones (X1, X2, X3, X4, X5, X6). Unfortunately, the
estimated state does not involve all the output states. In that
case, to complete the full state output, the missed variables (6,
@, p, q, 1) of the state vector x (8) have been calculated through
the estimated values and from the nonlinear system of
equation (8), without taking the perturbation into account. So,
from (8) 6 and ¢ are deduced as follows:

| . . |

@ = arcsin \ " Cosp=y'0CW)/ (24)
| . . |
6= LA arcsin \ 2T CoCyp + j'OSl’U)/
Co 4

The variables (p", ¢, ¥) can be found from the transforma-
tion matrix (2) which needs the variables ( , , (p) The latter

can be evaluated from (24) and the third derivatives (xO, Yo
ie. :

{ mxo(SeSHSy + CyCo)+ l'

. 1 R o
S _ 25
0 CoC ol myo(CoSy = SpCySH) (25
+pICPSpC26- SO T
~ 1 - A ~
p= —-mx oSy + PICPSO + {Sp + mCy Y
o) y + wiCop ¢S+ mCy Jo

(26)
So from the following matrix equation, the estimation of
the variables (p", ¢*, r) can be deduced:

|
11 I L
5 0 S(pS 6 Cps.6 | w
q:J L 0 C(p -Sp l 0 J (27)
r 1 SeT6 CoT6 (;)

The over-all controller-observer closed-loop system is pre-
sented in figure 2. The stability proof for this over-all closed-
loop system is similar to those of Theorem 1 and Theorem
2 and it is therefore omitted. Instead, simulation evidences will
be provided in the next section.
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represented in the following state space form

T = To
To =13
T3 = T4
dq = [v1,v2,v3)" + [€1,, &) (19)
I5 = Xg

Tg = v4+ &4

Let us propose the observer based on high order differ-
entiation for the state variables 1, x2, T3, 24,5, xg Of the
form:

Sﬁlz.fg-l—zl

To =33+ 22

= -

T3 = T4+ 23

4 = [v1,v2,v3]" + 24 (20)
5 = 26 + 25
Tg = V4 + 26
where
JU7E .
z1=m1 |z — 31| sign(x — &1)
. L 2/3 . .
zg = 2 |2 — &2|”" sign(pz — i2)
23 =3 |ps — iﬁ3\1/2 sign(ps — 23) (21)
24 = aysign(pug — &4)
_ NRVCR .
z5 = Y4 lws — 5" sign(zs — ¥s)
26 = agsign(ue — T¢)
and

Ho = %o+ 21; pu3 = L3 + 225 pa = B4 + 23;

te = Tg + 25

Theorem 1: The observer (20),(21) for the system (19)
ensures in finite time the convergence of the estimated states
to the real states, i.e (Z1, £2, &3, L4, &5, T6) — (21, T2,
T3, T4, T5, a:GT) and the convergence of the filtered zf =
lzg;l, A, zfg} t0 €193 = [€1, &2, &]” and the filtered =] to
4. Proof: The finite time convergence of observers for
variables Zs5,Z¢ is proved in [20].Taking z; = z; — &; the
estimation error can be written as:

F1=Fa—m |531\3/4 sign(Z1)

Fo =T — 2 |ua — i‘2|2/3 sign(pz — &2)
By = F4— s s — i’3|1/2 sign(pus — Z3)
Ta = €123 — qusign(pa — i) (22)

To proof of finite time convergence of the error of observer
(20) for z1,x2, T3,24 we need just to rewrite first four

equations of (22) in the form of differential ncllusion

. Lo 3/4 .
Ty =T — 1 |T1|  sign(d)
/3

2
Eo =23 — Yo |2 — L2  sign(ug — £2)

- . /2 A
T3 =4 —y3|ps — 23] sign(us — &3)

Fa € (=17, 1] — ausign(u — 1) (23)

This inclusion is understood in Filippov sense [23]. The

proof finite time convergence now is follows from Lemma 8
in [21]. [ |

B. Output states reconstruction

The sliding observer presented above is in fact a state
estimator with partial state feedback (zo, yo, 20, %) taken as
measured variables. The observer estimates the state needed
by the control law to calculate the tracking error between
the desired trajectories (z14, T2d, T3d, Tad, T5d, Teq) and the
estimated ones (&1, %a,43, %4, %5, 46). Unfortunaely, the
estimated state does not involve all the output states. In that
case, to complete the full state output, the missed variables
0, ¢, p,q,r) of the state vector = (8) have been calculated
through the estimated values and from the nonlinear system
of equation (8), without taking the perturbation into account.
So, from (8) # and ¢ are deduced as follows:

(ﬁ = arcsin —m(FoSY — QOCW
¢

(24)

—m(EC + o St)
¢

The variables (p, G, ) can be found from the transforma-
tion matrix (2) which needs the variables (1/;, 0, gZ)) The latter

>

= — arcsin

can be evaluated from (24) and the third derivatives (g, '3'/'0)
ie. :

. . miEo(S65050 + CYOP)+
=-Cice 3 mYo(CHSY — SHCS0) (25)
+ICCHSHC20 — B¢
o= c01<¢3) {m%&” + 9050 + (56 + m0¢@'o}

(26)
So from the following matrix equation, the estimation of
the variables (p, ¢, 7) can be deduced:

P 0 $68.0 C§S.0 "
i|=|0 co s | 8] e
7 1 S¢TH C¢oTo ¢

The over-all controller-observer closed-loop system is pre-
sented in figure 2. The stability proof for this over-all closed-
loop system is similar to those of Theorem 1 and Theorem
2 and it is therefore omitted. Instead, simulation evidences
will be provided in the next section.
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Fig. 2. The overall closed loop system

V. SIMULATION RESULTS

The constant quadrotor parameters, used in the simulation
run, are:

m=2Kg, L=1I,=1L=12416N.m/rad/s>
d=0.1m; g=9.81m/s?

The gain values of (Ao, Ay, Az, A9 and (A4, A5) represent
the coefficients of the polynomial (s + 5)* and (s + 5)2
respectively. For a specific f;+ and a;, the values of y; are
chosenas yi=3,v2=2.5, 3=y =1.5and a4 = as =
1.1. An application has been established without and with
disturbances and with uncertainties to see the performance and
robustness of the sliding mode observer.

a) Without disturbance: Taking for this case (Ax =
Ay=A,=0); (A, = Aq = A, = 0); the following results
are obtained (figures-(3, 4).

12

----- estimated
=== measured
—— desired

15

v (rad)

-1 -1 o 50 100
time (sec)

Fig. 3.

Reference trajectories

b) With aerodynamic force disturbances: For A. =
2sin 0.1, Ay = 2sin 0.1¢t, A2 = 2 sin 0.1¢ occurring at 10
sec, 20 sec and 40 sec respectively the following results are
obtained (figures(5to 11).

c) With aerodynamic moment disturbances: For Ap =
0.09sin0.1t, 4, =0.01sin 0.1¢, A,= 0.2 sin 0.1¢occurring
at 10 sec, 20 sec and 40 sec respectively the following results
are obtained (figures(12 to 13).

It is concluded from the simulations, made without per-
turbation, that the high order sliding mode observer gives
satisfactory results. The results of estimation errors given
in figure (4) show the efficiency of the observer. The same
conclusion follows from the tracking errors which vanish after
a finite time with a perfect convergence. When wind
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Fig. 2. The overall closed loop system

V. SIMULATION RESULTS

The constant quadrotor parameters, used in the simulation
run, are:

m=2Kg; I, =1, =1, = 1.2416N.m/rad/s*;
d=0.1m; g=9.81m/s?

The gain values of (Mg, A1, A2, A3) and (A4, \5) represent
the coefficients of the polynomial (s + 5)* and (s + 5)2
respectively. For a specific f;" and «;, the values of ~; are
chosen as 71 = 3, 2 = 2.5,73 =v4 = 1.5 and gy = ag =
1.1. An application has been established without and with
disturbances and with uncertainties to see the performance
and robustness of the sliding mode observer.

a) Without disturbance: Taking for this case (A, =
Ay =A,=0); (A) = A; = A, = 0); the following results
are obtained (figures-(3, 4).

1.2

- = estimated
- = - measured
—— desired

 (rad)

50 100
time (sec)

Fig. 3.

Reference trajectories

b) With aerodynamic force disturbances: For A, =
25in0.1¢, Ay = 2sin0.1¢, A, = 2sin0.1¢ occurring at 10
sec, 20 sec and 40 sec respectively the following results are
obtained (figures(5 to 11 ).

¢) With aerodynamic moment disturbances: For A, =
0.09sin0.1¢, A, = 0.01sin 0.1¢, A, = 0.2sin 0.1¢ occurring
at 10 sec, 20 sec and 40 sec respectively the following results
are obtained (figures(12 to 13 ).

It is concluded from the simulations, made without per-
turbation, that the high order sliding mode observer gives
satisfactory results. The results of estimation errors given
in figure (4) show the efficiency of the observer. The same
conclusion follows from the tracking errors which vanish
after a finite time with a perfect convergence. When wind
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disturbances are introduced the results in figures (5 to
8) reflect the robustness of the mixed observer-controller,
also confirmed by the tracking error convergence (figure-
9), without need of an external estimation procedure.. The
estimation of force and moment disturbances are presented
in figures (11, 13), it shows that the estimated disturbances
follow exactly the computed ones . However It appears that
the system dynamic behavior is more sensitive toward
aerodynamic moment disturbances. This is also confirmed by
variation of forces F1, Fz, Fzand Fyin figure (12) which exactly
reflects the movement of the quadrotor in x, y, and z directions
in the presence of disturbances. The convergence of the output
state vector is obtained in spite of the non- robust exact
linearization against uncertainties on system parameters. On
the other side excessive chattering around desired trajectories
is avoided by using high order sliding mode.

VI. CONCLUSION

A feedback linearization controller using high order slid- ing
mode observer has been applied to a quadrotor Un- manned
Aerial Vehicle (UAV). Although the behavior of the UAV,
affected by aerodynamic forces and moments, is non linear and
high coupled, the feedback linearization coupled to HOSM
observer and applied to the UAV, turns out to be a good starting
point to avoid complex nonlinear control solu- tions and
excessive chattering. However, in the presence of nonlinear
disturbances the system after linearization remains nonlinear.
The observer used here overcomes easily this non- linearities
by an inner estimation of the external disturbances to impose
desired stability and robustness properties on the global closed
loop system. The unmeasured states and their derivatives have
been successfully reconstructed through the sliding mode
observer design.

Theoretical results have been supported by numerical
simulations that demonstrated efficiency of the proposed
controller design. It is hoped that further investigation carries
out robust controllers that would compensate noise effects

and initial condition problems.
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